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Abstract 

This paper offers an algorithmic solution to the problem of obtaining "economi- 
cal" formulae for some maps in Simplicial Topology, having, in principle, a high 
computational cost in their evaluation. In particular, maps of this kind are used 
for defining cohomology operations at the cochain level. As an example, we obtain 
explicit combinatorial descriptions of Steenrod kth powers exclusively in terms of 
face operators. 
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1 Introduction 



In this paper we deal with problems in the field of Combinatorial Topology. We 
work with simplicial sets, which provide combinatorial descriptions of topo- 
logical spaces. A simplicial set (see ^6\) is a graded set K = {Kg}q>o whose 
g-dimensional "building blocks" are g-simplices and whose "mortar" is face 
{di : Kq^i — )■ Kg) and degeneracy (sj : Kg — )• -ft'g+i) operators. It is an elemen- 
tary fact that any composition of face and degeneracy operators of a simplicial 
set K can be expressed in the "normalized" form: 

where jt > ■ ■ ■ > ji > and is > ■ ■ ■ > ii > 0, due to certain commutativity 
properties. Roughly speaking, we are interested here not only in "normalizing" 
some compositions of face and degeneracy operators, but also in determining 
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which of them involve exclusively face operators. In particular, we simplify 
compositions that are used for defining important cohomology operations such 
as Steenrod squares |22], Steenrod kth powers [23J or Adem secondary coho- 
mology operations [T1I2] . In fact, from a simplicial viewpoint and taking into 
account that we deal with homological information given in terms of explicit 
chain homotopy equivalences [20][6] . the description of invariants in Algebraic 
Topology can be reduced to the study of compositions of certain specific maps 
given essentially in terms of face and degeneracy operators. The fundamental 
maps involved are the AW, EML and 5"/// operators given in the Eilenberg- 
Zilber Theorem [3] . This theorem states that there is a chain homotopy equiv- 
alence {AW, EML, SHI) from the normalized chain complex C^{K x L) of 
the cartesian product of K and L to the tensor product {K) ® C^{L) of 
the normalized chain complexes C^{K) and C^{L). Whereas the number of 
summands in the formula for AW grows linearly, the number of summands 
in the formulae for EML and SHI grow exponentially, then in order to de- 
fine "computable" algebraic-combinatorial invariants, it seems that the right 
strategy is reduced to determine compositions of maps in which the morphism 
y4VFis involved. For example, the cup product on cohomology is essentially 
determined at the cochain level by the morphism ^VFand the diagonal map. 
All of this fits well with the results of Kristensen [T5|Ti] , where a representa- 
tion result for stable primary and secondary cohomology operations in terms 
of cochain maps is given; and that of Klaus pT|T2] . extending Kristensen's 
results to prove that any cohomology operation module p can be described in 
terms of polynomials of coface operators at the cochain level. This approach 
is also corroborated in [12], [7] and [H] where Steenrod squares, Steenrod kth 
powers and Adem secondary cohomology operations are seen at the cochain 
level essentially as compositions of the type 

H = AWi.p)USHIi.p)tr-i ■ ■ ■ SHIi.p)tiSHI(^p) : {K""") ^ {K)^^ (1) 

where ti are permutations of p factors and ^VF(p) and SHI(^p^ are, respectively, 
the ^W^and 5"/// operators given by the Eilenberg-Zilber Theorem for p sim- 
plicial sets. It is evident that an algorithm for computing these cohomology 
operations based on the previous formulation shows extremely high computa- 
tional costs. Because of this, a normalization of compositions of face and de- 
generacy operators and a following step of the elimination of those summands 
of the normalized formula for H with a factor having a degeneracy operator 
in its expression are done in order. This "simplification" process allows to 
reach to a combinatorial description for H having the minimum number of 
face operators involved. 

In this paper, we work with a general simplicial expression of type ([1]), where 
the ti can be any permutation. We have developed a software using Mathe- 
matica that deduces its "minimal" simplicial formulation. In particular, the 
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solution to this combinatorial problem provides a way to design an efficient 
algorithm for computing any Steenrod cohomology operation on any cohomol- 
ogy class of any degree. This work has been presented in [10^ . 

The paper is organized as follows: In Section [2] we review the necessary theo- 
retical background. In Section [3] we develop simplification techniques for ob- 
taining an "economical" formulation for operations of the type ([1]). Finally, 
Section H] is devoted to show an application of our method: an algorithm for 
computing the Steenrod kth power Pp on the cohomology of any locally finite 
simplicial set is developed. 



2 Preliminaries 



In this section we introduce the notation and terminology used throughout 
this paper. References for this material appear in [T6j and [15]. 



A simplicial set K is a graded set indexed by the non-negative integers to- 
gether with face and degeneracy operators di : Kg Kg^i and St : Kg Kg^i, 
< i < q, satisfying the following identities: 

(i) didj = dj^idi, i < j; 

(ii) SiSj = Sj+iSi, i < j; 
(iii) diSj = Sj-idi, i < j; 

diSj = Sjdi^i, i>j + l] 

The elements of Kg are called q-simplices. A simplex x is degenerate if x = 
Si{y) for some simplex y and degeneracy operator s,; otherwise, x is non- 
degenerate. Let K and L be two simplicial sets. A map f = J2 fq '■ Kg ^ Lg 
of degree zero is a simplicial map if it commutes with face and degeneracy 
operators, i.e., fgdi = difg+i and fgSi = Sifg-i. 

The cartesian product K x L is a. simplicial set whose simplices and face and 
degeneracy operators are given by 

{K X L)g = KgX Lg, di{x, y) = {diX, diy) , Si(x, y) = {siX, Siy). 



Let i? be a commutative ring with identity 1 7^ 0. The chain complex of a 
simplicial set K with coefficients in i?, denoted by is constructed as 

follows. Let Cn{K) denote the free i?-module on the set K^. The face operators 
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di linearly extend to module maps di : Cn{K) — > Cn-i{K). The alternating 
sum 

n 
i=0 

is an ii!-module endomorphism of degree —1 such that dndn+i is null for every 
n > 0; it is called the differential on C*{K). The normalized chain complex 
C^{K) is defined by the quotient 

C:{K)=Cn{K)/s{Cn.r{K)), 

where s{Cn-i{K)) denotes the free i?-module on the set of all the degenerate 
n-simplices of K. Since we always work with normalized chain complexes, we 
simplify notation and write C^-.{K) instead of C^{K). Zn{K) = ker dn is the 
module oin-cycles in C*(A'); Bn{K) = Im dn+i is the module of n-boundaries 
in C*(ir); the quotient Hn{K) — Zn{K)/ Bn{K) is the nth homology module 
of K. The homology class of a cycle a e Zn{K) is denoted by [a\. 

Given an abelian group G, form the abelian group 

C^{K;G)^HomR{C^{K),G) 

for each n; the elements of C^{K) are called the n-cochains of C*{K; G). The 
differential d on C,{K) induces a codifferential S : C*{K; G) C*+\K] G) of 
degree +1 via 5c — cd; the cohomology of K is the family of abelian groups 

//"(i^;^) = ker 571m S""-^. 

B'^{K]G) — Im 5""^ is the module of n-coboundaries; Z"{K;G) — ker (5" is 
the module of n-cocycles. Furthermore, if G is a ring, H*{K; G) is an algebra 
with respect to the cup product 

w: H\K- G) ® H^{K- G) H'+^{K; G) 

defined for [d] e W(K;G) and [c^] e W{K]G) by [d] — [d] = [d ^ c^], 
where 

(y ^ c^^ (x) = /i(c'(9i+i • • • di+jx) 0c'(do--- di-ix)) 
for X e Ci+j(i^); here is the multiplication on G. 

Whenever two graded objects x and y of degree p and q are interchanged 

we apply the Koszul's convention and introduce the sign (—1)''^. The tensor 
product of chain complexes C^{K) and C*(L) is the chain complex C^{K) ® 
C^{L) with differential (ic*(x)®c.(i) = c?c.(k) ® lc,(i) + lc,(if) 8) dc^D- Thus if 
G Cp{K) and |/q G Cq{L), an application of the Koszul convention gives 
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dc»(K)®c»(L) ® Hq) — {dc^(K) ® lc*(L) + lc,(i<r) ® dc^(L)){Xp <^ Uq) 
= dc.^K){Xp) ®yq + {-IfXp ® dc,(L){yq) ■ 

A module homomorphism / : C^,{K) — )■ C^.(L) of degree zero such that df = fd 
is a chain map. If / : C^{K) — >■ C*(L) and g : C^{K') — >■ C^{L') are chain 
maps, so is / 5' : C^{K) ® C^{K') — >■ C*(L) ® C^{L'). Examples of chain 
maps are: 

• The diagonal map A : C^{K) C*(X''") defined by A(a;) = (x, " x). 

• The cyclic permutations 

t : C,(i^^") ^ C^ii'^") and T : C,{Kf C^Kf 
such that 

t{xi, X2, ■ ■ ■ , Xn) — {X2, ■ ■ ■ , Xn, Xi) 

and 

r(xi ® X2 ® . . . (8) X„) = (-l)l^il(l^2l+-+l^"l)(x2 ® . . . ® ® Xi) . 

A contraction from C^{K) to C^{L) is a triple of homomorphisms r = (/, 0), 
respectively referred to as the projection., inclusion and homotopy operator, 
with the following properties: 

• / : C^{K) — )■ C*(L) is a surjective chain map, 

• g : C^{L) — )■ C*(-ft') is an injective chain map, 

• (j) : C*(fC) — )■ C*+i(-ft') is an endomorphism of degree +1, 

• dc,(K)(p + 0c?c.(if) = ic.(if) - gf- 

Furthermore, /, g and (j) satisfy the following identities: 

(/,^ = 0, /(/) = and # = 0. 

A contraction will be denoted by r = (/, g, 0) : C^,{K) =^ C^{L). Two contrac- 
tions r = (/, g, 0) : C^K) ^ C.(L) and r' = (/', y', 0') : C^K') C,(L') 
can be canonically combined to form new contractions in the following ways: 

• The tensor product contraction given by 

r®r' = (/®/', g^g', cp^g' f + l^c^') : C,{K)^a{K') => C,{L)®C,{L') . 

• U L — K', the composition contraction given by 

r'r = iff, gg\ + g4>' f) : ^(ir) ^ a(L') . 
Let p and g be non-negative integers. A (p, q)-shuffte {a, j3) is a partition 
{ai < • • • < dip} U < • • • < /3J 
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of the set {0,1, . . . ,p + q — 1}. The signature of (a, (3) is given by 

sig{a,l3) = J2 !)• 
i<j<p 

Let 7 = {71, . . . , 7r} be a set of integers. Then denotes the composition of 
the degeneracy operators s^^ ■ ■ ■ s^^ . 

An Eilenberg-Zilber contraction [5] from the chain complex C^{K x L) to 
the tensor product of chain complexes C^.{K) and C*(L) is a triple Tez = 
{AW, EML, SHI) such as: 

• The Alexander-Whitney operator AW : C^{K x L) — > C^{K) ® C^{L) is 
defined by 

AW{Xm, Vm) = Yl ■ ■ ■ 9mXra <^ Oq ■ ■ ■ di-il/m , 

0<i<m 

where {xm,ym) e C,n{K x L). 

• The Eilenberg-Mac Lane operator EML : C^{K) O C*(L) — > C^{K x L) is 
defined by 

EML{xp ®y,)= {-ir'^'''''\spxp, s^y,) , 

(a,^)e{(p,g)-shufflcs} 

where Xpi^y^ E Cp{K) Cg{L). 

• And the Shih operator SHI: C^{K x L) — )■ C^^i{K x L) is defined by 

SHI{xo, yo) = 0, 

SHI{Xm, ym) 

^ ^ ( 1) ('^/3+m^"i— 9+1 ' ' ' ^m-^rri) "Sa+mf^jfi ' ' ' dm—q—iym) ; 

T(m) 

where 

T(m) = {0<p<m — q — l<m — 1, {a, (3) E {{p + 1, g)-shuffles}}, 
ffi = m — p — q, 

a + m = {ai + m, . . . , a^+i + m}, 

(3 + rh = {rh - 1, l3i + rh, . . . , + m,}, 

e{a, /3) = m — 1 + sig{a, (3). 

A recursive formula for the SHI operator appears in |1] . The explicit formula 
given here was stated by Rubio in [21j and proved by Morace in the appendix 
of [19]. It is evident that the y4VF operator has a polynomial nature (concretely, 
the number of face operators involved in its formula is 0{m?)). However, the 
EML and SHI operator have an essential "exponential" character, because 
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shuffles of degeneracy operators are involved in tlieir respective formulations. 
In [18], Proute determines that EML is unique and there is only two possibil- 
ities for AW, both of its formulae being of the same complexity. Concerning 
SHI, all the possible formulae have in common their exponential nature. 

There is a contraction from C^{K^^) to C^,(ii')®" obtained by appropriately 
composing Eilenberg-Zilber contractions. For any positive integers s < n, let 
us denote by rEZ(n,s) = (^M^(n,s)5 EML(^n,s), SHI(^n,s)) the contraction 

TEZin.s) ® 1®'"' = {AW® EML ® SHI® 1®^^^) 

fromC,(ir^"-*xir)(g)C,(fr)«5^-i to C^{K''''-') ®C^{K) ®C^{K)'^'-\ Then, 
the composition rEZ(«,n-i) ■ ■ ■ rEZ(n,2)rEZ(n,i) is a contraction from C^{K^"-) to 
We denote it by 

r^z(„) = (AW^n), EML^^), SHI(^„^) : ^(i^"") ^(i^)^" • 
Observe that the expression of is: 



AW(n){^) = AW(n,n-l) ^P^(„,„-2) " " " ^W^(n,2)^^(„,l) (x) 

0<il-<in-l<™ 

^0 ■ ■ ■ fti -1^2+1 ■ ■ ■ dmX2 



(2) 



'0 ■ ■ ■ a„_2-ia„_i + l ■ ■ ■ dmXn-1 

'0 ■ ■ ■ a„_i-i2;n 

where x = {xi, . . . x„) G Cm(-ft'^"). The number of face operators taking part 
in this formula is 0{n ■ m"). 

On the other hand, the expression of SHI(^n) in terms of the component mor- 
phisms of the previous Eilenberg-Zilber contractions is: 



EML^^,r) ■ ■ ■ EML^^,,^SHI^„^,+,^AW^^,,^ ■ ■ ■ AW^„,^ 

i<e+i<n 

= SHIi^^j^ 

+EML,„,,,SHI,„,,,AW,„,,, 

+EML^„,r) ■ ■ ■ EML^„^„_,^SHI^„_„_r)AW^„,„_,^ ■ ■ ■ AW^ 
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Observe that whereas the number of summands in the formula for AW(^n) 
grows in polynomial time (fixed n), the number of summands in the formulae 
for EML(^n) and SHI(^n) grow exponentially. 



3 Simplification Techniques 

Let us recall that our motivation here is to simplify any composition of the 
type 

AW(^p)trSHI(^p^tr-i ■ ■ ■ SHI(^p)tiSHI(j,) — ^ AW(j))trESA(j)^£^) ■ ■ ■ tiESA(^p^£^) 
where every ti is any kind of permutation of p factors, 

ESA^^e) = EML^^i) ■ ■ ■ EML^^e)SHI^^e+i)AW^p,i) ■ ■ ■ AW^,i) 
and the sum is taken over the set {1 < i < r, < < p — 2, 1 < /cj < p — 1}. 
We will use the following basic properties: 

• Any composition of face and degeneracy operators of K can be put in a 
unique "normalized" form: 

where jt > ■ ■ ■ > ji > and is > ■ ■ ■ > ii > 0. 

• Any summand on the tensor product of n copies of C^{K) having a factor 
(in the normalized form) with degeneracy operators in its expression, is 
degenerate. 

Let i,j,m be integers such that < i < j < m. The interval denotes the 
set of consecutive integers from i to j — 1. 

• The face-interval d[ij), denotes the composition dg - • ■ • ■ • d^. 

• If i = then 9[oj) = dj^i • • • dm- 

• If j = m then d[i.,n) = <9o ■ ■ ■ di^i. 

• In the case i = j then d[i^i) = do - ■ ■ c?i_ic?i+i ■ ■ ■ dm- 

The notation d[ij) must be interpreted as the interval representing the 
indexes i, < i < m — 1, such that i9o ■ ■ ■ di^_-^_idi.^i ■ ■ ■ dmSg is degenerate. 
Whereas ji < i2, define the following "composition": 

%i j2) = ^0 • • • di^-idji+i ■ ■ ■ 9i2_i9j2+i ■■■dm- 

This composition can be extended without problems to the composition of n 
face-intervals. 
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With the new notation, we can rewrite the expression of given in page 

Has: 

P{m,n) 

where [i] represents the interval [ii_i,i£) and P{m,n) is the set of all the 
possible partitions of [0, m + 1) in n intervals. 

First, in order to gradually show our technique, let us simplify the composition 
AW^n)t^ESA^nfi){^) = AW^n)t''SHI^n,i){^), whcrc 1 < A; < n - 1: 



AW^n)t'ESA^^,o){^) 

P{m+l,n) T{m) 



'id[n-k+l\S p+rhdm-q+l ' ' ' dm^l 



(3) 



®d[n]Si3+rhdm-q+l ' " " dmXk ■ 

On one hand, 

(a + m) U (/3 + m) = [m — 1, m + 1) and m — 1 G /3 + m . 
On the other hand, the non-degenerate summands of satisfy that 
(a+m)n[2„_fe_i,2„_fc) = and (/3+m)n([0, i„_fe_i) U [2„_fc, m + 1)) = 
We immediately obtain that 

13 + Th C [in-k-i,in-k) and a + m C [0, i„_fc-i) U m + 1) 
therefore in-k-i < fri — 1, in-k = m — p, 

/3 + rh = [rh — 1, in-k) and a + m = [in-k, m + 1) . 



Now, we denote 



ij < j < n — k 



ij — q — 1 n — k < j < n . 
m j = n + 1 . 
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and we can rewrite ([3]) as: 

{-iy° d[i]Xk+l ® ■ ■ • ® 9[„_fc_i]X„_i (g) d[n-k]dln+l]Xr. 

P(m,n+1) 

®d[n-k+l]Xl ® ■ ■ ■ ® d[n]Xk 

where 

To = m - 1 + + l)g = + (i; - (i^+i - i'J 
= |1| + ■ ■ ■ + |n - A;| + (|n - A; + 1| + ■ ■ ■ + \n\)\n + 1| , 

\e\ being - i^.p 

In the same way, the expression of AW(n)t'^ESA(^n,i)i'^) is: 



0<t<m 
P(m + l,n), T(t) 
(a,6)e{(t+l,m-t)-sh.} 



(4) 



d[l]SbS/3+zdc-q+l ■ ■ ■ dmXk+1 

®d\.a-k-2\SbSp+ld,-q+i ■ ■ ■ dmXn-2 
®d[n-k-l]SbSa+ldi ■ ■ ■ di^-q-id^+i ■ ■ ■ dmXn-1 
®d\n^k]SadQ ■ ■ - d, 

— iXn 



®<9[„]SfeS/3+A_g+l ■ ■ ■ dmXk ■ 

On one hand, a U 6 = [0,m + 1) and on the other hand, the non-degenerate 
summands satisfy that 

a n = and 6 fl ([0, 2„,_fe_i) U [z„_fc, + 1)) = 0, 

then h = [in-k-i, in-k) and a = [0, in-k-i) U [in-k, m + 1). We denote 



I (/ o 



ij < j < n — k , 

ij+i — m + L n — k<j<n — 2. 
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Therefore becomes 



0<L<m 
P{t + l,n-l), T(0 

®9[„_fc_2]S/3+iC)i_g+i ■ ■ ■ dmXn-2 

®d\n-k-l\Sa+-Ldi ■ ■ ■ d,-q-id,+ i ■ ■ ■ dmXn-1 (5) 
®dQ ■ ■ ■ d,-iXn 
(8)(9[„_fc]S/3+i(9,_g+i ■ ■ ■ draXi 

®d[n-l]Sfj+jd,-g+i ■ ■ ■ dmXk . 

and sig{a, b) is {m — + 1 — Now, we can observe that if /c + 1 = n 

then the composition above is degenerate, else 

in_fc-2<^-l> /3 + ^= l,C-fe-2) and a + I = [i'^^^-i, l + 1) . 
We denote 

ij 0<j<n-k-l, 
i'j — q — 1 n — k — l<j<n — 2, 

^j = { ^-Q 3 =n-l, 
i j = n, 

m j = n + 1 

therefore ([5]) is 

{-ly^ d[i]Xk+l ® ■ • • ® d[n-k-2]Xn-2 ® d[n-k-l]d[n]Xn-l ® <9[„+l]X„ 

P{m,n+l) 

®9[„,„fe]Xi (g) ■ ■ ■ ® dln-l]Xk 

and the sign: 

n = (m - + 1 - Cfc-i) + ^ - 1 + (p + i)g 

= |1| + ■■■ + |n-/c-l| + (|n- A;| + •■■ + |n-l|)(|n| + |n + l|). 
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Now, let us study the general case. As we said before, we are interested in 
simplifying any composition of the form 

AW^n)trESA(^nA) " " " UESA^n/,) ■ (6) 

We will do it inductively. Let h : -> be a morphism of 

degree r whose normalized expression is: 

P{m,n+r) 

such that (xfci, . . . = tx{xi, . . . ,Xn) where : C*(-ftr^") 

is any permutation, and each d^] denotes a composition of non-consecutive 
elements of the set d[2], . . . , d[n+r]} where {[1], [2], . . . , [n + r]} G P{m,n + 
r); moreover, each dy], 1 < j < n + r, appears exactly once in the expression 
of h{x.). Our goal is to simplify the composition H = hESA(^n,e), where < 
i<n-2. 

Proposition 1 // one of the following conditions holds on h: 

• There is not any face-interval preceding xj for 1 < j < n; 

• There exists a factor in /i(x) with more than one face-interval preceding 
Xn+i-u for some I < u < i; 

• The face-interval immediately before Xn-£ in h{x) satisfies that 

j = max {v such that d^^] appears preceding some x^ for 1 < u < n ~ i} ; 

then all the summands of H are degenerate. 

From now on, let us suppose that /i(x) does not satisfy any of the conditions of 
the proposition above. Let us denote by d[j^] the unique face-interval preceding 
Xn+i-u for 1 < M < £. 

Lemma 2 If the composition d[j^~i]d[ju+i] appears in the expression of h for 
some u, I < u < i, then all the summands of H are degenerate. 

Theorem 3 Simplification Algorithm. 

Input: The morphism h : C*(-ft'^") of degree r described 

above such that it does not satisfy either Proposition [1] 
or Lemma [2]. 

Output: The simplified expression of H{^) = h ESA[n,i)i?^) ■ 

For M = 1 to u = I do 

replace %^] preceding Xn+i-u by d[ 

n+r+2— m] • 

End for. 
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Let . . . , c^[t,„+^_f]}, f 1 < • • • < Vn-\-r-t, denote the set of the face-intervals 

preceding Xu for 1 < u < n — £. 

For s = lto s = n + r — £ do 

replace d[y^] by d[s]. 
End for. 

Replace Xn-e by din+r-e+i]Xn-e ■ 

Starting from the sign of h of degree m + l, we obtain the sign of H of degree 
m as follows. 

Step 1: 

For -u = 1 to u = I do 

replace \ju\ by |n + r — m + 1| + 1. 
For j — ju + i to j — n + r — u + l do 

replace \j\ by |j — 1| . 
End for; 

add {\n + r-u + l\ + l)(|j„| + h \n + r - u\) 

End for. 

Let d[v] be the face-interval immediately before Xn-e- Starting from the mod- 
ified sign of H do 

Step 2: 

For j — n-\-r — l-\-2 to j — n-\-r do 

replace \j\ by + 
End for; 

replace \n + r — I + 1\ by |n + r — £ + 2| — 1; 
replace |f| by |n + r — £+l| + l; 

add |1| H h It'l + (|w + 1| H h |n + r - £|)|n + r - ^ + 1| . 



PROOF. 

For the sake of simplicity but without lost of generality, we consider that the 
expression of /i(x) is 

E (-l)^^«"^w--["+'-i>9[ ]Xi • • • d^^xn-i ® (g)9[,,]x„_^+i • • • (g) d\j,^xn ; 

P(m,n+r) 

consequently, the expression of i?(x) is: 
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E (-1) 



sign{[l],...,[n+r]}+sig{ai,bi)-\ l-sig{a^,b^)+e(a,l3) 



P(m+l.n + r), T(i.() 
0<L^<L£_-i<-- ■<Ll<m 

{iaj,bj)e{(ij + l,m.-Lj)-sh.}: l<j<e} 

1 ■ ■ ■ •Sfe^S^+t^9t^_q+i ■ ■ ■ dmXn—£—l ^'j^ 
^d[]Sbi ■ ■ ■ Sbf^Sa+r^dr^ ■ ■ ■ d,^-q-id,^+i ■ ■ ■ dmXn-l 

■ ■ • Sft^-i^a^^O • • • • • • dmXn-i+l 

^d^j^^Sb^Sa^do ■ ■ ■ d,^-id,^+i ■ ■ ■ dmXn-l 
®d\j^]Sa^do---d,^-lXn. 

The non-degenerate summands of i?(x) satisfy that 

ai = [0, iji-i) U [ij^ , m + 1) and hi = [ij^-i, ijj . 

Then, 

i] = ij for < j < ji, 

= ij+i — m + Li for ji < j < n + r - 1, 

^n+r-l — ''I + 1) 

Ki+r ~ 

Therefore, we have that 

ij = i] for < j < ji, 

ij = + ii+r - ^n+r-l + 1 for ji < j < 71 + T - 1, 

So, in si^fnlfl], . . . ,[n + r]}, \ji\ is replaced by |n + r| + 1, \j\ is replaced by 
I J — 1 1 for ji < j < n + r and 

sig{ai, h) = (m - + 1 - ij.^i) = (i^^.^ - + - 

= (\n + r\ + + • • • + |n + r - 1|) , 

is added. 

In general, fixed u, 1 < u < £, we have that 

a„ = [0, zl\) U iu-, + 1) and 6„ = i^;^) . 
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Then, 



= for < J < J,, 

= - iu-\ + i^u for ju<J<n + r-u, 
= / -I- 1 

''n+r-u ''tt -^5 
— / 1 



Therefore, 



^ = for < j < j„ and n + r — M + 2<j <n + r, 
= + ^n+r-«+i - il+r-u + 1 for j„ < j < n + r - M, 

_ _|_ 1 

So, in sign{[l], . . . ,[n + r]}, is replaced by \n + r — u + l\ + l and |j| is 
replaced by |j — 1| for < j < n + r — -u + 1. Also, 



= (|n + r - M + 1| + H \- \n + r - u\) 

is added. Therefore, the expression of ([7]) is: 



0<t^<t£_-[^<---<t2<m 



^ ^_]^^sj3n{[l],..,[n+r]}+e(a,/3) 
'^W^P+T^dn-q+l ■ ■ ■ dmXl 
®d[]Sl3+Tid,^-q+l ■ ■ ■ dmXn-£-l 
(g)5o ■ ■ ■ ■ ■ ■ dmXn-i+1 

O(9o ■ ■ ■ (9,2_i9,,+i ■ ■ ■ d„,Xn-i 

Now, a +Ti = [il, Le + 1) and (3 + li = [z^ — 1, i^), then 

^i^^ = «j for < j < — 1 , 2^"^^ = — g — 1 for < j < n + r 



^n^+r-e+i = ' ^j+i = forn + r- £+ l<j<n + r. 
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That is, 

i^. = for < J < f - 1 , = 2^+^ + q + l foTV<j<n + r-i-l, 

tUr-i = C+r~e+i + 1 , = S>1 forn + r - £ + 1 < J < n + r . 

So, in S25'n{[l], . . . , [n+r]}, |j| is replaced by |j + l| for n+r—i+2 < j < n+r, 
\v\ is replaced by |n+r— £+l| + l and |n+r— is replaced by \n+r—i+2\ — l. 
Finally, 

e(a,/3) =77- 1 + {p+ l)q 

~ 't; ' \''n+r-e ''v A^n+r-f+l ''n+r-U 

= |1|H h|t;| + (|t; + l|H h|n + r-£|)|n + r- £+l| 

is added. □ 

Theorem 4 T/ie number of face operators taking part in the normalized for- 
mula for AW(^p-^trSHI(^p) ■ ■ -tiSHI^p-) is, in the worst case, 0{p'^^^mP^^^^) . 

PROOF. 

On one hand, the number of summands of the form ([6]) is (p — 1)''. On the 
other hand, the number of summands in the simplified formula for each mor- 
phism (E]) is ©(m^"'"'') and the number of face operators in each summand is 
0{pm) . Therefore the number of face operators taking part in the normalized 
formula for AW{^p)trSHI(j,)tr-i ■ ■ ■ SHI{.p)tiSHI{j,) is 0{{p — lymP^^pm) that is 



4 An Example: Algorithm for Computing 



In this section we study the computation of the cohomology operations Steen- 
rod fcth powers Pp [23] as an application of the technique given in the section 
above. First, we give the definition of these operations at the cochain level due 
to Steenrod [23]. We next show explicit formulae developed in [7j for these op- 
erations in terms of Eilenberg-Zilber contractions at the cochain level. Finally, 
we develop an algorithm for computing P^ at the cohomology level on any lo- 
cally finite simplicial set. 

An infinite sequence of morphisms {D" : C^{K) — )■ C^{K)®'^}r>o of degree r 
such that: 
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where : C,(i\:)®" ^ C,(i^)®" is defined by 




if r odd, 
if r even, 



called a higher diagonal approximation [23j "measures" the lack of commuta- 
tivity of AW(^n)- 

In the particular case of p = 2, it is possible to define cochain mappings called 

cup^ product, 

^0 C^iK; G) ® CP{K; G) ^ G'^+P-'iK; G) 

by c c' = fi{c ® c')Df . Observe that the expression of c c' coincides 
with that of the cup product given in page HI Taking [c] G {K;Z2), the 
cohomology operations Steenrod squares [22] are defined by S'g*[c] = [c ^j-i 
c] e W+'iK;Z2). 

Now, let p > 2 be a prime number. Starting from the sequence ([8]), the Steenrod 
kth power Pj; : H'^{K;Zp) Hi+^^^P-^\K]Zp), q > 2k, is defined at the 
cochain level as follows. If c G Z'^{K; Zp), then 



Pp'ic) = i?/xc«^I)f,_,,)(^_,) G Z'^^''^^-'\K; Zp) , (9) 

where /X is the natural product on Zp and i? = (^(^E^yy" ^. 

The acyclic model method [3] is used for guaranteeing the existence of the 
morphisms [n and r being non-negative integers). An alternative of the 
previous method is to obtain the morphisms D," using algebraic fibrations with 
a cartesian product of n copies of a given simplicial set K as the base space and 
a subgroup of the symmetric group Sn as the fiber space. This last point of view 
has been established in [19] and [7] for Steenrod operations, in [9] for secondary 
cohomology operations and generalized in [6] for any cohomology operation. 
In [7J we obtain explicit formulae for a higher diagonal approximation in terms 
of the component morphisms of a given Eilenberg-Zilber contraction. Let 7j : 
C,(ir><'^) ^ define by 



7j 



t if j odd 

t + h t^~^ if j even. 



then 



17 



where the sum is taken over all the possible 1 < + 1, fcj < n, where fcj = 1 
if i + r odd; for all 1 < i < r. 

Observe that an algorithm based on these formulae for is not useful in 
practice, due to the exponential nature of the morphisms involved. Neverthe- 
less, we can apply the Simplification Algorithm explained before in order to 
obtain a pure combinatorial definition of only in terms of face operators. 
Notice that for obtaining a normalized expression of D", we have to apply 
Theorem [3] {n — — 1)'' times in the worst case. However, taking into 

account Proposition [T|, the non-degenerate summands of can only appear 
when ki + ii < n for 1 < i < r. Moreover, if ki + ii < n and ki < then 
the non-degenerate summands of can only appear when k^ + ii < ii^i for 
1 < i < r. Examples of the simplification process are: 

P{m,n+1) 

^dln-£+2]X ® ■ ■ ■ ® d[n+l]X (g) d[n-£]X , 

where n = |1| H h \n - £ - 1\ + \n - £\{\n - £ + 1\ H h \n + 1\) and 

D2{x) = J2 (-1)"^" ® ■ ■ ■ ® din-k~ei-i]X ® d[n-k-ei]d[n-ei+i]X 

0<t2+l<ei<n-l 
0<k<n 
P(m,n+2) 

^d[n-ei+2]X ® ■ ■ ■ ® (9[„_^2_i]x (g) d[n-e2]d[n-e2+2]X 
®din-k,^ei+i]X ® ■ ■ ■ ® d[n-ei]X 
- {-'^V'' dii]X ® ■ ■ ■ ® d[n-k-e-2]X IS) din-k-e-i]d[n-e+2]X 

0<i+l,k<n 
P(m.,n+2) 

'S)d[n-^e+3]X O ■ ■ ■ (g) <9[„+2]X„ ® dln-k-l]d[n-e+l]X 
^dln^k-Ul]X ® • ■ ■ ® 9[„_^]X 

where T2 = {\n - ki - £i + 1\ -\ h \n - £i\){\n - £1 + 1| H h \n - £2 - 1\ 

+ \n- £2 + 11 + 1 + ■■■ + \n + l\ + l) + \n-ki-£i + l\ + -- - + 171- £2] 
+ |n - £2 + 1|(|^ - 4 + 2| + 1 + ■ ■ ■ + |n + 2| + 1) 

andrg = \n-k-£~l\ + {\n-k~£+l\ + \n-£+l\){\n-£+2\ + l) + \n-£+3\ + l + 
h\n+2\ + l + {\n-k~£+l\-\ h\n-£\){\n-£+l\ + \n-£+A\-\ h|n+l|). 

Taking into account the sign and organization of the intervals in a general 
summand of the normalized expression of and D2, it should be possible 
to obtain a general expression of any but this study exceeds the scope of 
this paper. 
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On the other hand, bearing in mind the expression at the cochain level of the 
Steenrod power operation Pp{c) where c G Z'^{K, Zp), since c is a g-cochain, 
we only consider those summands in the normalized formula for D^q-2k){p-i) 
with exactly 2k{p — 1) face operators in each factor. 

Since the explicit formulae for the Steenrod powers operations are given 
at the cochain level, in order to design an algorithm for computing them 
at the cohomology level, we first compute an explicit contraction {f,g,(j)) 
from C^{K) to H^:{K), K being a simplicial set finite in each degree and Zp 
being the ground ring. This contraction can be constructed using the classical 
matrix algorithm [T7] based on reducing certain matrices (corresponding to 
the differential at each degree) to their Smith normal form [S] . The complexity 
of this method is 0{M^) where M is the number of simplices of K. 

Since the ground ring is a field, then the homology and cohomology are iso- 
morphic. Moreover, if a is a generator of homology of degree q, then a* : 
Hq{K) Zp such that 



lia^Pe Hq{K) 

1 if /3 = a. 



is a generator of cohomology of degree q. Fixed fc, suppose that the normalized 
description of the morphism P'('g_2fc)(p_i) obtained using Theorem El and a 
contraction (/, g, (p) from C^{K) to H^\K) using the algorithm described above 
are given. Then, (|9]) becomes at the cohomology level as: 

where {71, ... , 7«} is a basis of Hq+2k{p-i)- 

Summing up, we have designed an algorithm for computing any Steenrod 
reduced kth powers on any class of cohomology for any locally finite simplicial 
set. 
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